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Manifolds and Group actions

Homework 9

Mandatory Exercise 1. (5 points)

a) The Lie group SO(3) acts on S C R3. For any A € SO(3) denote by ¢4 the map ¢ 4(p) = Ap.
Let n € Q1(S5?) be a differential 1-form such that for any A € SO(3) it holds that ¢*n = 7.
Show that n = 0. Hint: Take a point p € S? and look only at those A € SO(3) which fix p,
and at the equation (¢%n), = 1,. How does (d¢4), act on the tangent space T},52?

b) Part a) does not imply that any form w that satisfies ¢*w = w vanishes. To see this, check
that the formula
wp(X,Y)=(p, X xY). X,Ye€T,S%

defines a 2-form on S2. Note that for A € SO(3) it holds that (AX) x (AY) = A(X x Y).
Hence this 2-form is invariant under the SO(3) action and is nowhere zero.

Mandatory Exercise 2. (5 points)
Let V be a finite dimensional vector space. The unique possibe contractionon V@ V*isci1: V®
V* — R. Show that ¢y ; is the trace when one views V ® V* as Lin(V, V).

Mandatory Exercise 3. (10 points)

In the lecture the exterior derivative was defined using local coordinates. In this exercise we will
give a coordinate independent definition. Let M be a smooth manifold and w a k-form on M. Let
Xi,...,Xk41 be smooth vector fields. We set

k+1
dOJ(Xl, . 7Xk»+1) = Z(—l)l_lXi . W(Xl, ey th e ,Xk+1)+
i=1
+ Z(il)%kjw([XhXJ]?le s 7552'5 v a)?j? o ;Xk+1)7
i<j
where the hat indicates an omitted variable.

a) Show that dw is C°°(M)-linear, and conclude that the formula defines a (k + 1)-form.

b) Let ¢ : W — R" be a coordinate system on M, and let w = ), ardpr be the local expression
of w. Show that the definition of the exterior derivitive in this exercise coincides with the
definition of the exterior derivative given in the lectures, i.e. show that

dw = Zda; ANdpr.
I

Hand in on 26th of June in the pigeonhole on the third floor.



